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Introduction
The F-function 1) .__o r'((n + 1)q) and its generalization the R-function [2] ,
are of fundamental importance in the fractional calculus. In this paper our interest will be confined to t > c = 0, q > 0, and v _<q. Lorenzo and Hartley [2] have determined a variety of relationships associated with the R-function, including those involving relationships with the circular and hyperbolic functions as well as other advanced functions. A few more relationships to advanced functions are also presented in the Appendix of this paper. It has been shown ( [ 1] and elsewhere) that the solution of the fundamental linear fractional differential equation
may be expressed in terms of these functions. As in the case of ordinary differential equations combinations and convolutions of R-functions are used to express the solutions of systems of fractional differential equations. Because of this central role in the fractional calculus, and since
Rq, o (a,O,t)=
Fq (a,t)this paper explores various intrarelationships of the R-function, which will be useful in further analysis and application. The general character of the R-function is shown in figure 1 . Figure 1 shows the effect of variations of q with v = 0 and a = +1. The exponential character of the function is readily observed (see, q = 1 ).
The Laplace transform of the R-function, starting at t = c = 0,
is derived in reference [2] . It is also noted that
These relationships will be useful in the analysis that follows. This is special, because in general (1.6)
The following useful relationship however, is shown therefore
Rq: (1, In what follows in this paper, intrarelationships between R-functions of different arguments will be developed. 
Relationships for R,_.o in Terms of R_,o
This section will develop the relation
We consider first the even cases, in particular m = 2. We have then Now since and
it is readily seen by substitution that
An alternative approach to this problem is available through the Laplace transform,
where cis((p)= cos(0)+ i sin(q_). The inverse transform of this equation, of course, yields the equation (2.5) result.
The m = 4 case is now considered, then
Again by substitution it is readily verified that 
Inverse transforming yields
This will be validated for the m = 3 case. Using the Laplace
This may also be written as
he above results, equations (2.5), (2.8), and (2.13), are now generalized to give 
Thus any R,,,0 function may be written in terms of Rt, 0 for m = 1,2,3 .... Consideration of the principle value k = 0, gives the result
this is found to be a useful approximation for t > m.
The results of equations (2.16) and (2.17) may be generalized to arbitrary positive value for the parameter a, this more general result is given by
Fornegative values of the a parameter the following forms apply
where a = (2k + 1_/m.
Relationships for R_/,..o in Terms of R1,0
In this section we seek to express
The initial interest will be i/m= I/2. Then applying the Laplace transform
Inverse transforming gives
It terms of the exponential function
The m = 4 case is considered next. The Laplace transform is applied S 314 q_al/4s1/2 q_al/2s I/4 +a 314
Inverse transforming yields the desired result
Thegeneral resultsareseen tobe These results are now validated for the m = 3 case. Then
Laplace transforming this equation gives
s 2/3 +al/3s It3 +a 2/3 1 (3.14)
The results of equations 3.10 and 3.11 are extended to the case of a negative a parameter by use of the following expressions 
. The values for this problem are
The A k are determined from partial fraction expansion to be
The A t are recognized as Ak = c k /3. This gives the following for the transform
The inverse transform then is given as 1 2 .
As in the previous parts these results are generalized to the following
Since e i_ = cis(o:)this may be written as
These results also may be generalized to include a nonunity value for the a parameter.
The general form is given by 
Relationships for R_/p,0 in Terms of R,,/p,o
This section develops the reciprocal relation to that formed in the previous section. This form will be useful in developing the inverse relationships, which follow in later sections. Consider the case for p = 2, m = 1, then the Laplace transform is These results will now be tested on the following case p = 2, m = 3. Then
Applying the Laplace transform gives
(sl/2_al/3)(s+ol/3sl/2+02/3)" The results of equations (5.9) and (5.10) may also be extended to the case for a negative a parameter. These results are given as .
R_,po(-a'",O,t)=_(-1)
m-'-k a ("-'-k )'' R,,,/p,k'p ((--1)" a,0, t),
Rl,p.o(-al/m,O,t)=__(-1)m-l-ka(m-l-k)/modtk/PR_/p.O((-1)'o,O,t ),

(aO t)-_-L-g'a(1-")/"e'2_':"_(a'"eiZ_k"_ '-'-j dJ:PR
This now may be written as These results, equations (6.3) to (6.5), and (6.7) to (6.9) are the most general (direct) expressions for the R-function in terms of the common exponential function presented in this paper.
,_-1p-I R,,/p,o(-aO, ,t_----_'_'J-z__z__ eia(P-J)a(P-J-m)lm
Inverse RelationshipsmRelationships for R_,o in Terms of R,,,k
In this and the following sections inverse relationships expressing the exponential function in terms of various R-functions will be developed. Consider Upon inverse transforming we have
e_' = R,,o(a,O,t)= R2,1(aZ,O,t)+aR2,o(a2,0,t).
In similar fashion for m = 4, we have 1 (s+a)(s-ia)(s+ia) These results generalize to Thus the Laplace transform is
For negative values of the a parameter the following forms apply (7.7) (7.8) (7.9) (7.10) (7.11) 
Therefore it is easilyseen that
We now consider the case 1/m= 1/4. Then Now it may be shown by substitution that
As in the previous section this may be generalized as (S1/4--C00114)(S114--Cla114)(S114--c2a114)(S114--C30114)
_C3 al/4
• The A k are found by partial fractions to be A_ =-c k/(4a3" ). The general form is then validated and given as The expressions (9.3), (9.4), (9.6), and (9.7) are the most general expressions for the exponential function in terms of the general (rational) R-function Rr/p, o (and its fractional derivatives)
R,.o(1,O,-at):Rl.o(-a,O,t)=e-"'
presented in this paper. Tables 1 and 2 summarize the key R-function relationships developed in this paper in a common form. Table 1 Table 2 presents the relationships for a negative b parameter.
Table 1. R-Function Relationships--Positive Parameter
R,,o(a,O,t).
: m k_=o l"-laO-")/mcis(A,)Rto(a'/mcis(A_O, t )
,U,t)= 2_ a t_ ,lp,_lp Eq. Nos. 
Rl.o(-a,O,t):e-°'=
Z(- 1)m-t-k a "-1-_ R,,,_ ((-1)" a" ,0, t) (7.13) k=0 Rl,o(1,O,-at)=Rl.o(-a,O,t)=e -a' __1_ aO-"):"cis(o_)R (aV,.cis(ot_O,t] (8.10) - m k_=9 k' ] L/m,O _ '_ P ] Rt.o(1,O,-at)= Rl.o(-a,O,t):e -_'
Approximation of the R'Function
Various approximations may be developed for the R-function. A few such approximations will be developed here. As suggested in section 2, the principle value in equation (2.17) provides the basis of such an approximation. The result, equation (2.18), is generalized to
The approximation is shown in figure 2 . The following is an improved approximation when t < 1 and 0 < q < 1.
This approximation is shown graphically in When the a parameter of the R-function becomes negative, a different set of approximations is required. The following approximation works well for 1 < q < 2 It was also determined that Rq. o, with q = m/p and positive rational, may be written in terms of fractional derivatives of RLo -functions (i.e., exponential functions), equations (6.3) to (6.9).
Further, the R_.0 (exponential) functions may in turn be written as a function of basis functions Rj/p. o, (equations (7.8), (7.9), (7.13), and (7.14)). These results have allowed very genera/ relationships to be written relating RLo to Rq,0and its fractional derivatives, with q = m/p and positive rational, (equations (9.3), (9.4), (9.6), and (9.7)).
It is expected that the results presented here should be analytically very useful since the Rq, v -function is the solution or solution basis of many fractional differential equations. It is also observed that all of the above relationships are expressed as finite series, the lengths of which depend on m and p.
Finally, various approximations of R-functions with both positive and negative arguments have been developed, clearly these approximations only hint at the possibilities, and much more is possible.
